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Abstract 

In a symmetric space of non-compact type, the notion of a complex equifocal sub- 
manifold (with flat section) is defined. It is conjectured that this notion coincides 
with the notion of an isoparametric submanifold with flat section. As a subclass of a 
complex equifocal submanifold, the notion of a proper complex equifocal submanifold 
is defined. In this paper, we show that all irreducible proper complex equifocal sub- 
manifolds of codimension greater than one in a symmetric space of non-compact type 
are extrinsically homogeneous and hence they occur as principal orbits of complex 
hyperpolar actions on the symmetric space. The proof is performed by showing the 
homogeneity of the lifted submanifold of the complexification of the original subman- 
ifold to an infinite dimensional anti-Kaehlerian space and inducing the homogeneity 
of the original submanifold from the homogeneity of the lifted submanifold. 

Keywords: proper complex equifocal submanifold, proper anti-Kaehlerian isoparametric 
submanifold, complex principal curvature, complex curvature distribution 



1 Introduction 

C.L. Terng and G. Thorbergsson [TT] introduced the notion of an equifocal submanifold in 
a Riemannian symmetric space, which is defined as a compact submanifold with globally 
flat and abelian normal bundle such that the focal radii for each parallel normal vector 
field are constant. This notion is a generalization of isoparametric submanifolds in the 
Euclidean space and isoparametric hypersurfaces in the sphere or the hyperbolic space. 
For (not necessarily compact) submanifolds in a Riemannian symmetric space of non- 
compact type, the equifocality is a rather weak property. So, we [Koil,2] introduced the 
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notion of a complex focal radius as a general notion of a focal radius and defined the 
notion of a complex equifocal submanifold as a submanifold with globally fiat and abelian 
normal bundle such that the complex focal radii for each parallel normal vector field are 
constant and that they have constant multiplicties. Here we note that the notion of a 
complex focal radius (hence the notion of the complex equifocality) can be defined for 
submanifolds in a general symmetric space but, in the case where the ambient symmetric 
space is of non-negative curvature, all complex focal radii are real, that is, they are focal 
radii and hence the complex equifocality is equivalent to the equifocality. E. Heintze, 
X. Liu and C. Olmos [HLO] defined the notion of an isoparametric submanifold with 
flat section as a submanifold with globally flat and abelian normal bundle such that the 
sufficiently close parallel submanifolds are of constant mean curvature with respect to the 
radial direction. The following fact is known (see Theorem 15 of [Koi2]): 

All isoparametric submanifolds with Eat section in a symmetric space of non-compact 
type are complex equifocal and, conversely, all curvature-adapted and complex equifocal 
submanifolds are isoparametric submanifolds with flat section. 

Here the curvature-adaptedness means that, for any normal vector v, R{-,v)v preserves the 
tangent space invariantly and it commutes with the shape operator A^. Furthermore, as 
its subclass, we [Koil,2] introduced the notion of a proper complex equifocal submanifold 
as a complex equifocal submanifold whose complex focal structure has a certain kind of 
regularity. Here we note that the notion of a proper complex equifocal submanifold in 
a general symmetric space can be defined but, in the case where the ambient symmetric 
space is of compact type, it is easy to show that this notion coincides with the notion 
of a complex equifocal submanifold. In [Koi8], we showed that, for a curvature-adapted 
complex equifocal submanifold Af , it is proper complex equifocal if and only if it admits 
no non-Euclidean type focal point on the ideal boundary of the ambient symmetric space, 
where the notion of a non-Euclidean type focal point on the ideal boundary was introduced 
in [Koi8]. Therefore, for a submanifold M in a symmetric space of non-compact type, the 
following two statements are equivalent: 

(I) M is curvature-adapted and proper complex equifocal. 

(n) M is a curvature-adapted isoparametric submanifold with flat section admitting 
no non-Euclidean type focal point on the ideal boundary. 

Let G/K he a symmetric space of non-compact type and i7 be a symmetric subgroup of 
G (i.e., there exists an involution cr of G with (Fix(T)o C H C Fixer, where Fixer is the 

fixed point group of a and (Fixcj)o is the identity component of Fixo". Then the if-action 
on G/K is called a Hermann type action. For this action, the following fact is known 
([Koi3]): 

Principal orbits of Hermann type actions are curvature-adapted and proper complex 
equifocal. 
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For a (general) submanifold in a Riemannian symmetrie spaee of non-compact type, the 
(non-real) complex focal raidii arc defined algebraically. We needed to find their geomet- 
rical essence. For its purpose, we defined the complexification of the ambient Riemannian 
symmetric space and the extrinsic complexification of the submanifold as a certain kind 
of submanifold in the complexified symmetric space, where the original submanifold needs 
to be assumed to be complete and real analytic. In the sequel, we assume that all sub- 
manifolds in the Riemannian symmetric space are complete and real analytic. We [Koi2] 
showed that the complex focal radii of the original submanifold indicate the positions of 
the focal points of the complexified submanifold. If the original submanifold is complex 
equifocal, then the extrinsic complexification is an anti-Kaehlerian equifocal submanifold 
in the sense of [Koi2]. Also, if the original submanifold is proper complex equifocal, then 
the complexified one is a proper anti-Kaehlerian equifocal submanifold in the sense of 
this paper. Thus, the study of an anti-Kaehlerian equifocal (resp. proper anti-Kaehlerian 
equifocal) submanifold leads to that of a complex equifocal (resp. proper complex equifo- 
cal) submanifold. The complexified submanifold is not necessarily complete. In the global 
research, we need to extend the complexified submanifold to a complete one. In [Koi2] 
and [Koi6] , we constructed the complete extension of the complexified submanifold in mu- 
tually different methods. In 1999, E. Heintze and X. Liu [HL2] showed that all irreducible 
isoparametric submanifolds of codimension greater than one in the (separable) Hilbert 
space are extrinsically homogeneous, which is the infinite dimensional version of the ho- 
mogeneity theorem for isoparametric submanifolds in a (finite dimensional) Euclidean 
space by G. Thorbergsson. Note that the result of Thorbergsson states that all irreducible 
isoparametric submanifolds of codimension greater than two in a Euclidean space are 
extrinsically homogeneous. In 2002, by using the result of Heintze-Liu, U. Christ [Ch] 
showed that all irreducible equifocal submanifolds of codimension greater than one in a 
simply connected symmetric space of compact type are extrinsically homogeneous. The 
outline of the proof is as follows. For an irreducible equifocal submanifold M of codimen- 
sion greater than one in a simply connected symmetric space G/K of compact type, any 
component M of the inverse image (tt o ^)~^(M) of M by the composition of the parallel 
transport map (f) : H^{[0, 1],q) G with the natural projection tt : G — > G/K is an irre- 
ducible isoparametric submanifold of codimension greater than one in the Hilbert space 
if°([0, l],g), where H^{[0,l],g) is the space of all L^-integrable paths in g := LieG. By 
the result of Heintze-Liu, M is extrinsically homogeneous, that is, M is an orbit of some 
subgroup H of the isometry group of H^{[0, 1], 0)- From the ff-action on i?^([0, 1], £|), he 
constructed a subgroup H of G such that M is an orbit of the iJ-action on G/K. Hence 
M is extrinsically homogeneous. 

For a complex equifocal submanifold M in a symmetric space G/K of non-compact 
type, the complete extrinsically complexification M*^ of M is defined as an anti-Kaehlerian 
submanifold in the anti-Kaehlerian symmetric space G^ /K^. Without loss of generality. 
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we may assume that K (hence K"^) is connected and that is simply connected. Let tt^ 
be the natural projection of onto G'^/K^ and (p^ : H^{[0, G'^ be the parallel 
transport map for G^. Then := (tt'^ o (f)^)~^ [M^) is an anti-Kaehlerian isoparametric 
submanifold in the infinite dimensional anti-Kaehlerian space i7°([0, 1], g*^) in the sense 
of [Koi2]. In particular, if M is proper complex equifocal, then M*^ is a proper anti- 
Kaehlerian isoparametric submanifold in the sense of [Koi2]. First we prove the following 
fact for the homogeneity of the lifted submanifold M^: 

If M is an irreducible proper complex equifocal submanifold of codimension greater 
than one in a symmetric space of non-compact type, then the lifted submanifold Af^ is 
extrinsically homogeneous. 

By using this fact, we prove the following homogeneity theorem for an irreducible 
proper complex equifocal submanifold. 

Theorem A. All irreducible proper complex equifocal submanifolds of codimension greater 
than one in a symmetric space of non-compact type are extrinsically homogeneous. 

Let G/K be a symmetric space of non-compact type and H he a closed subgroup of 
G which admits an embedded flat submanifold oi G/K meeting all i/-orbits orthogonally. 
Then the iJ-action is called a complex hyperpolar action. Prom Theorem A, we can show 
the following fact. 

Corollary B. Let M be an irreducible proper complex equifocal submanifold of codimen- 
sion greater than one in a symmetric space G/K of non-compact type. Then the following 
statements (i) and (ii) hold: 

(i) M occurs as a principal orbit of a complex hyperpolar action on G/K. 

(ii) If M admits a totally geodesic focal submanifold, then it occurs as a principal orbit 
of a Hermann type action on G/K. 

The outline of the discussions in Sections 3 and 4 hi Section 3, for a submanifold 
M as in the statement of Theorem A, we prove that M«= := (tt'^ o 0'=)-i(M^) is homo- 
geneous by imitating the proof of the homogeneity of an irreducible infinite dimensional 
isoparametric submanifold of codimension greater than one in a Hilbert space by Hcintze- 
Liu [HL2]. In the proof of the homogeneity of the isoparametric submanifold, Heintzc-Liu 
[HL2] used the curvature distributions on the isoparametric submanifold. On the other 
hand, M'^ is proper anti-Kaehlerian isoparametric submanifold and hence the complex 
curvature distributions on M*= is defined. See the next setion about^the definition of the 
complex curvature distribution. In the proof of the homogeneity of M^, we use the com- 
plex curvature distributions. We sketch the outline of the discussion in Section 3. First we 
recall the generalized Chow's theorem for the set of reachable points for a certain kind of 
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family of local vector fields on a Hilbert manifold, which were proved in [HL2]. By using 
this theorem, we show that the set (which is denoted by Q{uo)) of all the points connected 
with a fixed point uq of M*^ by piecewise smooth curves each of whose segment is con- 
tained in a complex curvature spheres (the integral manifolds of the complex curvature 
distributions) is dense in M'^ (see Proposition 3.2). Next we show the homogeneous slice 
theorem (Theorem 3.3) for by using the homogeneous slice theorem for M^, which 
was proved in [Koi6]. Next we construct a holomorphic isometry Fy of V := H^{[0, 1],0^) 
with ^^(7(0)) = 7(1) for a certain kind of piecewise smooth curve 7 : [0, 1] (which 
is a special one of curves called a i?j-horizontal curve) in M^, where we note that Ei is 
a complex curvature distribution. This holomorphic isometry is constructed by using 
the fact that, for each linear isometry of the tangent space at a point uq of V onto the 
tangent space at another point ui of V , there (uniquely) exists a holomorphic isometry of 

V whose differential at uq coincides with the linear isometry (see (3.1)). Here we note that 
this fact holds because V is an (anti-Kaehlerian) linear space. In the discussion in Section 
3, it is a key to show that F^ preserves invariantly (see Proposition 3.5). In this proof, 
we use the assumptions of the irreducibility of M and codimM > 2, and the above homo- 
geneous slice theorem for (see the proof of Lemma 3.5.1). Next we show that, for each 
u G Q{uq), there exists a holomorphic isometry f oiV with /(uq) = u and f{M^) = 
(see Proposition 3.6). Finally, by using Propositions 3.2 and 3.6, we show that is 
homogeneous. In Section 4, we induce the homogeneity of M from the homogeneity of 
M'^ by imitating the proof of the homogeneity of an irreducible equifocal submanifold of 
codimension greater than one in a symmetric space of compact type by Christ [Ch]. Here 
we sketch the outline of the discussion in Section 4. The group iJ^([0, 1], C^) acts on 

V as the gauge action. Denote by p{: i?^([0, 1], G*^) — Ih^Y)) the representation on V 
associated with this action, where IhiY) is the holomorphic isometry group of V . In the 
discussion in Section 4, it is a key to show that the group H' := {/ G Ihi^) \ f{M^) = M^} 
is contained in p(iJ^([0, 1], G*^)). This fact is shown by comparing the spaces of Killing 
fields corresponding to H' and p{H^{[0, 1], C^)) (see the proofs of Lemmas 4.1.1 ~ 4.1.11). 
Thus the group H' is given as the image p{H) of some subgroup H of H^{[0, 1],G^). Since 

is homogeneous, we have = p{H) ■ uq (uq G M^). We construct a subgroup H 
of X GMrom H and show^ • go = tt^'-^M") {go G tt''~^{M'')). Next we construct a 
subgroup i^R of G X G from H and show Hn ■ go = tt~^{M) {go G Tr~^{M)), where tt is 
the natural projection of G onto G/K. Furthermore, we construct a subgroup of G 
from and show H^{goK) = M {goK G M). Thus the homogeneity of M follows. 

Future plan of research By using (ii) of Corollary B and the equivalenceness of the above 
statements (I) and (II), we plan to investigate whether, for an irreducible G'^-submanifold 
M in G/K of codimension greater than one, the following statement is true: 
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M is a principal orbit of a Hermann type action onG/K if and only if M is a 
curvature-adapted isoparametric submanifold with flat section admitting no 
non-Euclidean type focal point on {G / K)(co). 
Furthermore, we plan to investigate whether both the conditions of the curvature-adaptedness 
and the non-existenceness of non-Euchdean type focal point on {G/K){oo) are indispens- 
able in this statement. Note that this statement gives a submanifold geometrical charac- 
terization of a principal orbit of a Hermann type action. 



2 Basic notions and facts 

In this section, we recall basic notions introduced in [Koil~3]. We first recall the notion of 
a complex equifocal submanifold introduced in [Koil]. Let M be an immersed submanifold 
with abelian normal bundle (i.e., the sectional curvature for each 2-plane in the normal 
space is equal to zero) of in a symmetric space N = G/K of non-compact type. Denote 

by A the shape tensor of M. Let v G T^M and X G T^M {x = gK). Denote by 7^ the 
geodesic in N with 7^,(0) = v. The strongly M-Jacobi field Y along 7^ with 1^(0) = X 
(hence Y'{{)) = —A^X) is given by 

^(^) = (^7.|[o,, ° - sDZ o A,)){X), 

where Y'{0) = VyY, -Ry^ijo^j is the parallel translation along 7.y|[o,s] and Dg° (resp. Dgl) 
is given by 

Dsv = 9*° cos{V^ad{sg-^v)) o g-'^ 
resp. DZ=g,o '1^ ^ 



^^ad(sp* v) 

Here ad is the adjoint representation of the Lie algebra g of G. All focal radii of M along 
7^ are obtained as real numbers sq with Ker(Z)^°„ — so-D|*^ o Ay) 7^ {0}. So, we call a 
complex number zq with Ker(Z?^",y — zoDf^^^ ° ^V) 7^ {0} a complex focal radius of M along 
7^ and call dimKer(D^ot; ~ ^o^zov ° ^v) multiplicity of the complex focal radius zq, 
where D'^°^ (resp. Df^^) is a C-linear transformation of (T^N^ defined by 

DZ = 9* o cosiV^ad'^izog^'v)) o (g^^)-^ 

r.si c sin(^/^ad^(zoff7^^)) ^ 

resp. = g^o _i . ° (g* 

V-lad^lzog* v) 

where g^ (resp. ad*^) is the complexification of g^ (resp. ad). Here we note that, in 
the case where M is of class C^, complex focal radii along 7^ indicate the positions of 
focal points of the extrinsic complexification M^{^ G^/K^) of M along the complexified 
geodesic 'yf^y, where G^ /K'^ is the anti-Kaehlerian symmetric space associated with G/K 
and L is the natural immersion of G/K into G'^/K'^. See the final paragraph of this 
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section about the definitions of /K'^, M^{^ G^/K^) and 7^^^,. Also, for a complex 
focal radius zq of M along 7^,, we call zqv (g (T^M)^) a complex focal normal vector of 
M at X. Furthermore, assume that M has globally flat normal bundle (i.e., the normal 
holonomy group of M is trivial). Let v he a parallel unit normal vector field of M. 
Assume that the number (which may be 00) of distinct complex focal radii along is 
independent of the choice of x € M. Let {ri^xli = 1)2, •••} be the set of all complex 
focal radii along j^^, where \ri^x\ < |ri+i,^| or "|rj,^| = \ri+i^x\ & Rerj^^^ > Rerj+i^a;" or 
"ki,a;| = \ri+i,x\ ^ Reri,a; = Reri+i,^; & Imrj^a, = -Imri+i,^: < 0". Let (i = 1,2, • • •) be 
complex valued functions on M defined by assigning Vi^x to each x G M. We call these 
functions (z = 1,2, •••) complex focal radius functions for v. We call riV a complex 
focal normal vector field for v. If, for each parallel unit normal vector field v of M, the 
number of distinct complex focal radii along 7^;^ is independent of the choice of a; G M, 
each complex focal radius function for v is constant on M and it has constant multiplicity, 
then we call M a complex equifocal submanifold. Let (p : H^{[0, 1],q) G he the parallel 
transport map for G, that is, 0(w) := gui^) {u G H^{[0, 1],0)), where Qu is the element of 
H\[0, 1], G) with gu{0) = e and 

9u*9u ~ ^- Section 4 of [Koil] about the definitions 
of i/°([0, l],g) and H^{[0, 1],G). Let tt : G ^ G/K be the natural projection. It follows 
from Theorem 1 of [Koi2] that, M is complex equifocal if and only if each component of 
(vr o 0)~^(M) is complex isoparametric. See Section 2 of [Koil] about the definition of 
a complex isoparametric submanifold. In particular, if each component of (tt o 0)"^(M) 
is proper complex isoparametric (i.e., complex isoparametric and, for each unit normal 
vector V, the complexified shape operator is diagonalizable with respect to a pseudo- 
orthonormal base), then we call M a proper complex equifocal submanifold. 

Next we recall the notion of an infinite dimensional proper anti-Kaehlerian isopara- 
metric submanifold. Let M he an anti-Kaehlerian Predholm submanifold in an infinite 
dimensional anti-Kachlcrian space V and A be the shape tensor of M. See [Koi2] about 
the definitions of an infinite dimensional anti-Kaehlerian space and anti-Kaehlerian Pred- 
holm submanifold in the space. Denote by the same symbol J the complex structures 
of M and V. Fix a unit normal vector v of M. If there exists X{=/^ 0) G TM with 
AyX = aX + bJX, then we call the complex number a + b\/—l a J-eigenvalue of Ay (or a 
complex principal curvature of direction v) and call X a J -eigenvector for a -\-h^/^^. Also, 
we call the space of all J-eigenvectors for a + 6^/"! a J-eigenspace for a + b^J—1. The 
J-eigenspaces are orthogonal to one another and each J-eigenspace is J-invariant. We call 
the set of all J-eigenvalucs of Ay the J -spectrum of Ay and denote it by Specj>l„. The set 
Specj^d^ \ {0} is described as follows: 

Specj^\{0} = {Ai|i = l,2,---} 

/ |Ai| > |Ai+i| or "|Ai| = |Ai+i| & ReAj > ReAj+i" \ 

\ or "|Aj| = |Aj+i| & ReAj = ReA^+i & ImAj = -ImA^+i > 0" ) ' 
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Also, the J-eigenspace for each J-eigenvalue of Ay other than is of finite dimension. We 
call the J-eigenvalue Aj the i-th complex principal curvature of direction v. Assume that 
M has globally flat normal bundle. Fix a parallel normal vector field v oi M. Assume 
that the number (which may be oo) of distinct complex principal curvatures of direction 
Vx is independent of the choice of a; G M. Then we can define functions Aj {i = 1,2, ■ ■ •) 
on M by assigning the i-th. complex principal curvature of direction to each x € M. 
We call this function Aj the i-th complex principal curvature function of direction v. We 
consider the following condition: 

(AKI) For each parallel normal vector field v, the number of distinct complex principal 
curvatures of direction Vx is independent of the choice of a; G M, each complex principal 
curvature function of direction v is constant on M and it has constant multiplicity. 

If M satisfies this condition (AKI), then we call M an anti-Kaehlerian isoparametric 
submanifold. Let {ei}'?2^^ be an orthonormal system of T^M. If {fij}^]^ U {Jej}^]^ is an 
orthonormal base of T^M, then we call {ejj^j^ a J -orthonormal base. If there exists a 
J-orthonormal base consisting of J-eigenvectors of Ay, then Ay is said to he diagonalized 
with respect to the J-orthonormal base. If M is anti-Kaehlerian isoparametric and, for each 
V € T-^M, the shape operator Ay is diagonalized with respect to a J-orthonormal base, 
then we call M a proper anti-Kaehlerian isoparametric submanifold. For arbitrary two unit 
normal vector vi and V2 of a proper anti-Kaehlerian isoparametric submanifold, the shape 
operators and Ay,^ are simultaneously diagonalized with respect to a J-orthonormal 
base. Assume that M is a proper anti-Kaehlerian isoparametric submanifold. Let {Ei \ i G 
/} be the family of distributions on M such that, for each x G M, {{Ei)x | i G /} is the 
set of all common J-eigenspaces of ^^'s {v G T^M). The relation TM = ® holds. 

Let Aj (i G /) be the section of {T^M)* ® C such that Ay = Re\i{v)id + lmXi{v)J on 
{Ei)^^y) for each v G T-^M, where tt is the bundle projection of T^M. We call A^ {i G /) 
complex principal curvatures of M and call distributions Ei (i G /) complex curvature 
distributions of M. It is shown that there uniquely exists a normal vector field Ui of M 
with Ai(-) = {ui, •) — \/^{Jni, ■) (see Lemma 5 of [Koi2]). We call Ui {i G /) the complex 
curvature normals of M. Note that is parallel with respect to the normal connection 
V"*". Similarly we can define a (finite dimensional) proper anti-Kaehlerian isoparametric 
submanifold in a finite dimensional anti-Kaehlerian space, its complex principal curvatures, 
its complex curvature distributions and its complex curvature normals. Set 1^ := (Ai)~^(l). 
In [Koi2], it has been shown that the focal set of (M, x) is equal to U /f . Denote by Tf the 

complex reflection of order 2 with respect to the complex hyperplane of T^M (i.e., the 
rotation of angle tt having If as the axis), which is an affine transformation of T^M. Let 
Wx be the group generated by T?'s (i £ I). According to Proposition 3.7 of [Koi4], Wx is 
discrete and it is independent of the choice of x G M (up to group isomorphicness) . Hence 
we simply denote it by W. We call this group W the complex Coxeter group associated 



8 



with M. According to Lemma 3.8 of [Koi4], W is decomposable (i.e., it is decomposed 
into a non-trivial product of two discrete complex reflection groups) if and only if there 
exist two J-invariant linear subspaces Pi {0}) and P2 (7^ {0}) of T^M such that 
T^M = Pi © P2 (orthogonal direct sum), Pi U P2 contains all complex curvature normals 
of M at X and that Pj (z = 1, 2) contains at least one complex curvature normal of M at 

X. 

Next we recall the notion of the extrinsic complexification of a complete C"^-submanifold 
in a symmetric space of non-compact type which was introduced in [Koi2]. First we 
recall the notions of an anti-Kaehlerian symmetric space associated with a symmetric 
space of non-compact type and an aks-rcpresentation. Let J be a parallel complex struc- 
ture on an even dimensional pseudo-Ricmannian manifold (M, ( , )) of half index. If 
{JX,JY) = -{X,Y) holds for every X,Y e TM, then (M, ( , ), J) is called an anti- 
Kaehlerian manifold. Let G/K he a symmetric space of non-compact type and (fl, cr) be 
its orthogonal symmetric Lie algebra. Let g = f + p be the Cartan decomposition associ- 
ated with a symmetric pair (G, K). Note that f is the Lie algebra of K and p is identified 
with the tangent space T^KiG/K), where e is the identity element of G. Let ( , ) be the 
AdG!(G)-invariant non-degenerate inner product of g inducing the Riemannian metric of 
G/K, where Adc is the adjoint representation of G. Let (resp. i^^) be the complexi- 
fication of G (resp. K). Without loss of generality, we may assume that K^ is connected 
and that G'^ is simply connected. The 2-multiple of the real part Re( , of ( , is 
the Killing form of g*^ regarded as a real Lie algebra. The restriction 2Re( , )'^|pcxpc is an 
Ad(i^'^)-invariant non-degenerate inner product of p*^ (= T^K^^iG^ / K^)). Denote by ( , )^ 
the G*^-invariant pseudo-Riemannian metric on G^ jK^ induced from 2Re( , )^\pc^^c. De- 
fine an almost complex structure Jq of by JqX = \f^^X {X G p*^). It is clear that Jq 
is Ad(if^)-invariant. Denote by J the G*^-invariant almost complex structure on G'^ jK^ 
induced from Jq. It is shown that [G^ /K'^, { , )'^, J) is an anti-Kaehlerian manifold and 
a (semi-simple) pseudo-Riemannian symmetric space. We call this anti-Kaehlerian man- 
ifold an anti-Kaehlerian symmetric space associated with G/K and simply denote it by 
G^ /K^. The action AdGc(K*^) on g*^ preserves p*^ invariantly, where Ad^c is the adjoint 
representation of G^. Define a representation p of K^ on p^ by p{k){X) := AdG'c(A;)(X) 
{k £ K^, X G p*^). If G^/ivT^ is irreducible, then we call this representation p an aks- 
representation {associated with G'^/K^). Let Xq be a semi-simple element of p*^, where the 
semi-simpleness means that the complexification of adgc(Xo) is diagonalizable. If the orbit 
p{K^) ■ Xq is principal, then it is a (finite dimensional) proper anti-Kaehlerian isopara- 
metric submanifold (see Lemma 3.5.3). Let be a complete G'^-Riemannian manifold. 
The notion of the adapted complex structure on a neighborhood U of the 0-section of the 
tangent bundle TN is defined as the complex structure (on U) such that, for each geodesic 
7 : R ^ A'', the restriction of its differential : PR = C ^ TN to 7~^([/) is holomor- 
phic. We take U as largely as possible under the condition that U fl T^N is a star-shaped 
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neighborhood of 0^: for each x € N, where 0^; is the zero vector of T^N. If N is of non- 
negative curvature, then we have U = TN. Also, if all sectional curvatures of N are bigger 
than or equal to c (c < 0), then U contains the ball bundle T^N := {X G TN \ \ \X\\ < r} 
of radius r := In detail, see [SI, 2]. Denote by J a the adapted complex structure 

on U. The complex manifold {U, Ja) is interpreted as the complexification of N. We 
denote {U,Ja) by A'"'^ and call it the complexification of N, where we note that A^'^ is 
given no pseudo-Riemannian metric. In particular, in case of A^ = R™" (the Euclidean 
space), we have {U,Ja) = C™. Also, in the case where A^ is a symmetric space G/K oi 
non-compact type, there exists the holomorphic diffeomorphism 5 of ([/, J a) onto an open 
subset of jK^. Let M be an immersed (complete) C"^-submanifold in G/K. Denote 
by / its immersion. Let be the complexification of M (defined as above). We shall 
state the definition of the complexification : M'^ — >■ G^ /K^ of /, where we shrink M'^ 
to a neighborhood of the 0-section of TM if necessary. For its purpose, we first state 
the definition of the complexification of a C"^-curve a : R ^ G/K. Let = f + p be 
the Cartan decomposition associated with G/K and : R ^ p be the curve in p with 
(exp I4^(i))Ar = a{t) {t G R), where we note that W is uniquely determined because 
G/K is of non-compact type. Since a is of class C"^, so is also W. Let : D ^ p*^ 
(D : a neighborhood of R in C) be the holomorphic extension of W. We define the 
complexification : D ^ G^/K^ of a by a'^{z) = {cy.'pW'^{z))K'^ . It is shown that this 
complexification of a C"^-curve in G/K is a holomorphic curve in G^/K^. By using this 
complexification of a C"^-curve in G/K, we define the complexification : G^ /K^ 

of / by r{X) := {fo-f^)''{^/^) {X G M"" (c TM)), where 7^ is the geodesic in M with 

(0) = X. Here we shrink to a neighborhood of the 0-section of TM if necessary 
in order to assure that \/— T belongs to the domain of (/ o j^)'^ each X G M'^. It is 
shown that the map : G^ /K^ is holomorphic and that the restriction of /^^ to a 

neighborhood U' of the 0-section of TM is an immersion, where wc take U' as largely as 
possible. Denote by M'^ this neighborhood U' newly. Give the pseudo-Riemannian 
metric induced from that of G^ /K^ by . Then M^ is an anti-Kaehlerian submanifold 
in G^ /K*^ immersed by /*^. We call this anti-Kaehlerian submanifold M*^ immersed by 
the extrinsic complexification of the submanifold M. In [Koi2] and [Koi6], wc constructed 
the complete extension of the extrinsic complexification in different methods in the case 
where M is proper complex equifocal. We also denote this complete extension by the same 
symbol M^. Here we note that the extrinsic complexification of a C"^-pseudo-Riemannian 
submanifold in a general pseudo-Riemannian manifold has recently defined in [Koi7]. 

Let ( , ) be the Ad(G)-invariant non-degenerate symmetric bilinear form of g inducing 
the metric of G/K. The Cartan decomposition g = f ® p is an orthogonal time-space 
decomposition of g with respect to ( , ) in the sense of [Koil]. Set ( , )^ := 2Re( , 
where ( , is the complexification of ( , ) (which is a C-bilinear form of q'^). The R- 
bilinear form ( , on g*^ regarded as a real Lie algebra induces a bi- invariant pseudo- 
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Riemannian metric of and a C^-invariant anti-Kaehlerian metric on C^/K^. It is 
clear that 0^ = (f + © (\/— If + p) is an orthogonal time-space decomposition of 

g'^ with respect to ( , )"^. For simplicity, set := f + a/— Tp; 0+ '■= \/— If + P- Set 
( , )^c_ := — vr*c ( , + 7r*c ( , )'^, where tTjc (resp. tt^c ) is the projection of g*^ onto 

gi (resp. q\). Let i7°([0, Ijjg'^) be the space of all L^-integrable paths u : [0,1] — g'^ 
with respect to ( , )^c and ii"°([0, 1], g^) (resp. iJ°([0, 1], g^)) be the space of all L^- 

integrable paths u : [0, 1] ^ g'l (resp. ?i : [0, 1] g^) with respect to — ( , )'^|0<ix0i (resp. 
(> )^lfl^x4)- It is clear that i70( [0,1], 0^=) =i70( [0,1], 0^)©i/O( [0,1], g^). Define a non- 
degenerate symmetric bilinear form ( , )^ of H^{\fd, l],g'^) by {u,v)q := {u{t),v(t))^dt. 
It is easy to show that the decomposition if°([0, 1], g'^) = if°([0, 1], g^) © i?" ( [0, 1] , g^ ) 
is an orthogonal time-space decomposition with respect to ( , )q. For simplicity, set 
H°!'' := ijO([0,l],g^) and ( , )^^o,c := -7r;^o,c( , )^ + Tr*^o,c{ , where tt^o.c (resp. 

TTjjO.c) is the projection of .^'^([0, 1], g*^) onto h'^'^ (resp. H^'^). It is clear that {u, v)-^ o,c = 

Ji{u{t),v{t))^.Jt {u, V e //0([0,l],g'^)). Hence (i/0([0, 1], g'^), ( , )^^o,c) is a Hilbert 

space, that is, {H'^{[0, l],g^), ( , )o) is a pseudo-Hilbert space in the sense of [Koil]. Let 
J be the endomorphism of g'^ defined by JX = ^/^X {X G g*^). Denote by the same 
symbol J the bi-invariant almost complex structure of induced from J. Define the 
endomorphism J of H^{[0, l],g'=) by Ju = ^f=\u iu G i70([0, l],g'^)). Since Jlf^^ = H^" 
and {Ju,Jv)^ = -{u,v)^ {u,v G i/°([0, 1], g'^)), the space (i/°([0, 1], g'^), ( , )^, J) is an 
anti-Kaehlerian space. Let H^{[0, l],g'^) be a Hilbert subspace of -ff°([0, l],g*^) consisting 
of all absolutely continuous paths u : [0, 1] g^ such that the weak derivative u' of u 
is squared integrable (with respect to ( , )^c_)- Also, let ^^^([0,1],^^) be the Hilbert Lie 

group of all absolutely continuous paths g : [0, 1] such that the weak derivative g' 

of g is squared integrable (with respect to ( , )gc), that is, g~^^g' G i/'^([0, 1], g*^). Let 

(f)'^ : i?°([0, l],g*^) — be the parallel transport map for G*^, that is, (t)'^{u) := 5^(1) {u G 
H^{[0, 1], g*^)), where gu is the element of H^{[0, 1], G"^) with 5„(0) = e and g'^g'^ = u. This 
map (j)'^ is an anti-Kaehlerian submersion. Set P{G^, e x G'^) := {g G H^{[0, 1], G^) \ g{0) = 
e} and r?e(G'^) := {g G H^{[0,1],G'') \ g{0) = g{l) = e). The group H\[{),1],G'') acts on 
i^°([0, 1], g'^) by gauge transformations, that is, 

g^u:=Ad{g)u-g'g-^ {g & H\[[),1],G''), n G //0([0, 1], g^)). 

It is shown that the following facts hold: 

(i) The above action of ^^[0, 1], G"^) on if°([0, 1], g'') is isometric, 

(ii) The above action of P{G^,e x G^) on H^{[0, l],g'^) is transitive and free, 

(iii) <P'^{g * u) = (Lg^o) o i?^(ip(,^-(n)) for g G ^^([0, 1],G"=) and u G H%[0, l],g-), 

(iv) (p"" : H^{[0, l],g'=) ^ G" is regarded as a fie(G"^)-bundle. 
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(v) li^^'iu) = {L^,,o R-^){(l)''{v)) {u,ve iJ°([0,l],g'=), xo,xi e G'^), then there exists 
g G H^{[0, 1], G^) such that g{0) = xq, g(l) = xi and u = g * v. In particular, it follows 
that each u G H^{[0, is described as it = * in terms of some g G -P(G"^, x e). 
Let TT*^ : — G^/K^ be the natural projection. It is shown that M is proper complex 
equifocal if and only if M*^ := [ir^ o 0'^)~^(M*^) is proper anti-Kaehlerian isoparametric. 
The focal set of at x(g M) is equal to the image by the normal exponential map 
(of M'^) of the focal set (which consists of complex hyperplancs in T,^M'^) of M'^ at 
u G n (tt o ^)~^(x) under the identification of T^M^ with T^M^. From this reason, 
we call the above complex Coxeter group associated with the complex Coxeter group 
associated with M. 

3 Homogeneity of the lifted submanifold 

Let M be an irreducible proper complex equifocal submanifold of codimension gretaer than 
one in a symmetric space G/K of non-compact type and M*^ be the lifted submanifold of 
the complexification of M to ^^'^([0, 1], g*^). In this section, we shall prove the homogeneity 
of M^. First we shall recall the generalized Chow's theorem, which was proved in [IIL2]. 
Let be a (connected) Hilbert manifold and P be a set of local (smooth) vector fields 
which are open sets of N. If two points x and y of N can be connected by a piecwise 
smooth curve each of whose smooth segments is an integral curve of a local smooth vector 
field belonging to P, then we say that x and y are T>- equivalent and we denote this fact 
by Let rix)(x) := {y G N\y^x}. The set 0,vix) is called the set of reachable 

points of V starting from x. Let V* be the set of local smooth vector fields on open sets 
of N which is generated by V in the following sense: T> (lV*,V* contains the zero vector 

field and, for any X,Y G T>* and any a, 6 G R, aX + bY and [X, Y] (which are defined 
on the intersection of the domains of X and Y) also belong to V* . For each x G N, 
let V*{x) := {X^\X G V* s.t. x G Dom(X)}. Then the following generalized Chow's 
theorem holds. 

Theorem 3.1([HL2]) IfV*{x) = Tr^N for each xeN, Qvix) = N holds for each xeN, 
where (•) imphes the closure of (•). 

For simplicity, we set V := -^"([0, 1],S^). Denote by A the shape tensor of Af^. Let 
{Ei \ i e I}U {Eo} be the set of all complex curvature distributions of M'^, where Eq is 
one defined by {Eo)u := n_ Kei Ay {u G M*^). Also, let Aj and rii be the complex 

principal curvature and the complex curvature normal corresponding to E^, respectively. 
Fix no G iW^. Denote by k the complex hyperplane of T^M*^. Let Q{uq) be the 

set of all points of M*^ connected with uq by a piecewise smooth curve in M*^ each of whose 
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smooth segments is contained in some complex curvature sphere (which may depend on 
the smooth segment). By using the above generahzed Chow's theorem, we shall show the 
following fact. 

Proposition 3.2. The set Q{uo) is dense in M^. 

Proof. Let Ve he the set of all local (smooth) tangent vector fields on open sets of M'^ 
which is tangent to some Ei (i 7^ 0) at each point of the domain. Define Qd^{uo), T)*^ 
and T)*^{uq) as above. By imitating the proof of Proposition 5.8 of [HLl], it is shown that 



'D*^{u) = TuM^ for each u G M*^. Hence, ^Vsi'^o) = follows from Theorem 3.1. It is 



It is easy to show that Ip is finite. Define a distribution Dp on by Dp := © Ei. 



It is shown that ( n 4) \ ( U 4) 7^ 0- Take vq e { n 4) \ ( U 4)- Let v be a 

iei"p\{0} iel\lp ielp\{0} i<=I\Ip 

parallel normal vector field on with Vuq = vq- Hence we note that is a complex focal 
normal vector field of M^. Let fy be the focal map for v (i.e., the end point map for v), 
Fy be the focal submanifold for v (i.e., Fy = fy{M'^)) and be the leaf of Dp through 
u G M*^. If ^ P, then we have L^^ = fy^{fv{u)). According to the homogeneous slice 
theorem for the complete complcxification of a proper complex equifocal submanifold in 
[Koi6], we have the following homogeneous slice theorem for M^. 

Theorem 3.3. If ^ P, then the leaf L^^ is a principal orbit of the direct sum repre- 
sentation of aks-representations on Tj-^^-^Fy. 

Proof. Let ui := fv{u), Fy := (tt*^ o (p^){Fy) and v := [ir^ o (j)'^)^{v), which is well-defined 
because v is projectable. It is shown that v is a focal normal vector field of and that Fy 
is the focal submanifold of corresponding to v. Denote by fy the focal map for I; and 
set ui := (tt*^ o (f>'^){ui). Set L := /~^(ui) and L := /r^(ui), which are leaves of the focal 
distributions corresponding to v and v, respectively. According to Theorem A of [Koi6] , L 
is the image of a principal orbit of the direct sum representation of aks-representations on 
T^^Fy by the normal exponential map exp^^ of Fy at ui. On the other hand, under the 
identification of T^^ Fy with , L is the image of L by exp^^ . Hence it follows that L 

is a principal orbit of an aks-representation on T^^Fy. Since ^ P by the assumption, we 
have = L. Therefore the statement of this theorem follows. q.e.d. 



clear that ^^^^(uo) = Q{uo). Therefore we obtain Q{uo) = AP^. 



q.e.d. 



For each complex affine subspace P of M^, define Ip by 




{iel\ (n,)a„ eP} (0 ^ P) 
{i G / 1 (nO^o e P} u {0} (oeP). 



ieip 
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Set {Wp)u ■-U+ {Dp)u ® Span{(n,)„ \i e Ip\ {0}} (u G W). Let 7 : [0, 1] ^ M<^ 
be a piecewise smooth curve. In the sequel, we assume that the domains of all piecewise 
smooth curves are equal to [0, 1]. If "f{t) _L (Dp)^(() for each t G [0, 1], then 7 is said to 

be horizontal with respect to Dp (or Dp-horizontal). Let f3i {i = 1,2) be curves in M^. If 
^^i(t) ~ ^Mt) * ^ -*-]' ^^^^ Pi f'lid P2 are said to be parallel. By imitating the 

proof of Proposition 1.1 in [HL2], we can show the following fact. 

Lemma 3.4. For each Dp-horizontal curve 7, there exists an one-parameter family 
{h'^J \ < t < 1} of holomorphic isometries h^^ : (l^p)^(o) ~^ (^p)7(t) sucL that 
h^f{L^^^) = L^^^ s,nd that, for each u G -^^(0)' * ^ ^-y^f ^ Dp-horizontal curve 

parallel to 7. 

Proof. First we consider the case of ^ P. Take G PI 4 \ ( U 4)- Let v be 

ie/p iei\ip 

the parallel normal vector field of M*^ with = vq. Let 7 := fv ° 7- Define a map 

ht •■ {Wp)y^o) ^ ^ by ht{u) := ^{t) + t^{j{0)u) {u G (VFp)^(o)), where is the parallel 
translation along 7 with respect to the normal connection of F^. Then it is shown that 
{ht I < t < 1} is the desired one-parameter family (see Fig. 1). Next we consider the case 
of G P. Take vq e n (Aj)^Q^(O) \ ( U (Ai);;^^(0)). Let v be the parallel normal vector 

field of M"" with = vq. We define a map 1/ : M'^ ^ S"^(l) by iy{u) := {u £ M"), 
where S°°{1) is the unit hypersphere of V. Then we have u^u = —^vu ^ -^'^)) where A 
is the shape tensor of M^. If z G /p, then we have v*u{{Ei)u) = —{{ni)u,Vu){Ei)u = {0} 
and, if i ^ Ip, then we have i^*u{{Ei)u) = — {{n.i)u,Vu){Ei)u = {Ei)^. Hence we have 
Ker^'^.M = {Dp)u. Therefore Dp is integrable and it gives a foliation on M^. Denote by 
^P this foliation and Dp the orthogonal complementary distribution of ^p. Let U be 
a neighborhood of 7(0) in -^^(q) where an element of holonomy along 7 with respect to 
{do, Dp) is defined. See [BH] about the definition of an element of holonomy. Let A be 
a fundamental domain containing uq of the complex Coxeter group of M*^ at no(G M*^). 
Denote by a domain of T^M'^ given by parallel translating A with respect to the 
normal connection of M*^. Set U := Li (Span{(ni)„ | i G /p \ {0}} fl A„), which is an 

open subset of the affine subspace {Wp)j(^Qy Since an element of holonomy along 7 is 
defined on U, there exists the Dp-horizontal curve 7^ parallel to 7 with 7^(0) = u for each 
ueU. Define a map ht : U ^ (Wp)^(t) (0 < t < 1) by ht{u + w) = juit) + r:^^\^^ ^^{w) {u G 

U, w e Span{(ni)n | i G /p \ {0}} D A„) (see Fig. 2). It is shown that ht is a holomorphic 
isometry into (M^p)^(^) (see Lemma 1.2 in [HL2]). Hence ht extends to a holomorphic 
isometry of (I^p)7(o) onto {Wp)^(^t)- It is shown that this extension is the desired one- 
parameter family (see Step 3 of the proof of Proposition 1.1 in [HL2]). q.e.d. 
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Fix io e IL) {0}. Denote by $io(«o) the group of holomorphic isometries of {Wp^^o 
generated by 

{h^^° |7 : - horizontal curve s.t. 7(0), 7(1) G Lu'°}, 

where Lu''° is the integral manifold of E^^ through u. Also, denote by ^^^{uq) the iden- 
tity component of $ig(«o) and ^°o(tfo)uo isotropy subgroup of ^^^(tfo) at uq. Give 
$^p('Uo) the metric associated with its representation on {Wp)uo- Take X G Lie$°^('Uo) Q 
Lie$°^('Uo)uo' where Lie(-) is the Lie algebra of (•). Set g{t) := e^ptX and 7(t) := g{t)uo, 
where exp is the exponential map of <I>?^(no). It is clear that 7 is a curve in Lui° ■ Hence 
7 is an £^j-horizontal curve for i G / with i ^ iq. We define a holomorphic isometry F-y of 
V by F^(7(0)) = 7(1) and 

(3.1) (-^7)*7(0) = 

In similar to Theorem 4.1 of [HL2], we have the following fact. 

Proposition 3.5. The holomorphic isometry preserves M'^ invariantly (i.e., F-y(M'^) = 
iW^j. Furthermore, it preserves Ei (i & I) invarinatly (i.e., Fj^{Ei) = Ei). 

To show this proposition, we prepare lemmas. By imitating the proof (P163~166) of 
Proposition 3.1 in [HL2], we can show the following fact. 

Lemma 3.5.1. Let N and N be irreducible proper anti-Kaehlerian isoparametric subman- 
ifolds of complex codimension greater than one in an inhnite dimensional anti-Kaehlerian 
space. If N ClN and, for some po e N Ci N, Tp^N = Tp^N and there exists a complex 
affine line la ofT^^N{= T^^N) such that L^i = for any complex afRne line I ofT^^N 
with I ^ Iq, then N = N holds, where Lp^ (resp. Lp^') is the leaf through po of the 
integrable distribution Di (resp. Di) on N (resp. N) defined as above for I. 

Proof. Let {Ei | i G /} U {Eq} (resp. {Ei | i G /} U {Eq}) be the set of all complex curvature 
distributions of N (resp. A^). Let Qo(Po) (resp. Qo{po)) be the set of all points of (resp. 
N) connected with po by a piecewise smooth curve in N (resp. N) each of whose smooth 
segments is contained in some complex curvature sphere or some integral manifold of 
£"0 (resp. Eq), where Eq (resp. Eq) is the distribution on A^ (resp. A^) corresponding 
to the above distribution £"0 on M*^. Take any p G Qoipo). There exists a sequence 
{Po,Pi, ■ ■ ■ ,Pl{= P)} such that, for each i G {1, • • • , I}, pj G {}J Lpj J U Lp°_^. Assume 



5'lJ-j*7(0) 
''7,i;*7(0) 



on i£/ioj^(o) 

on (£i)7jo) (« / ^0) 

on r4.M<= 
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that there exists jo G {1, ■ ■ ■ , /} such that pj^ G Lp.°_-^ for some io E I with (ni(j)p(, G 4)- 
Since N is irreducible (hence the complex Coxeter group associated with N is irreducible) 
and codimciV > 2, there exists a complex curvature normal rii^ such that (nij)pg and 
(^io)po linearly indepenedent, ((raii)po, ("'io)po) / ^'^d that (n^Jpg does not belong to 
Iq. Denote by koh aSine hne in T^AT through (njo)^^ and (n^Jpo, and set Aon := Di^^^^ 

for simplicity. According to Theroem 3.3, Lpj°^\ is an irreducible proper anti-Kaehlerian 

isoparametric submanifold in (Wi.^^^^)p.^^_-^ of complex codimension two. Hence, by the 
anti-Kaehlerian version of Theorem D of [HOT], Pj^-i can be joined to pj^ by a piecewise 
smooth curve each of whose smooth segments is tangent to one of EiS {i e I s.t. (nj)^^ G 
4on and {ni)pQ ^ ('^io)po)- Therefore, we can take a sequence {po,p'i, ■ ■ ■ ,p'ii{= p)} such 

that, for each j G {1, • • • , I'}, j/ G ( U L^; ) U . Hence it follows from 

\iel s.t. {ni)pg<^k> ^3-1/ 

Lemma 3.5.2 (see below) that p[ G QoiPo), P2 ^ ^0(^1)5 ■■■,p'i'-i G Qo(Pp_2) ^^"^ P ^ 
Qo(P;'_i) inductively. Therefore we have p G Qo{po)- From the arbitrariness of p, it 
follows that QoiPo) C QoiPo)- Similarly we can show Qo{po) C Qo(Po)- Thus we obtain 
Qo{Po) = Qo{Po) and hence Qo{po) = Qo{po)- Let (resp. P^;) be the set of all local 
(smooth) vector fields of N (resp. A'") which is tangent to some Ei (resp. Ei) (where i may 
be equal to 0) at each point of the domain. For and p £ N (resp. and p G A^), 
define n^o (p), {V%)* and {V%)*{p) (resp. VLf^o (p), {V%)* and i'D'^)*{p)) as the quantities 

corresponding to the above 9,d{x), T>* and T>*{x). Since (P^)*(p) = (£^0)^ ® ( ® (-Ei)p) = 
TpN for each p G iV, it follows from Theorem 3.1 that Q^o (po) = ^ ■ Similarly, we have 
^750 (^'o) = Also, it is clear that Vtjyo {po) = Qo(Po) and $1.^0 (po) = Qo(Po)- Therefore 
we obtain N = N. 

q.e.d. 

Lemma 3.5.2. Let iV, iV, po and Iq he as in Lemma 3.5.1. Then, for any p G Lp° U 
( U ^m)' have TpN = TpN and L^^ = L^^ for any complex afRne line I of 

iel s.t. (ni)pgflo 
Tp^AT with I ^ h. 

Proof. First we consider the case where p G L^' for some i with {ni)pg ^ 4)- Then, 
from the assumption, we have p G Lp^ = L^^' and hence L^' = Lp\ Let / be a complex 
affine line of T^j^^N with I ^ Iq. Assume that (?^^Q)po ^ ^- Then we have p G C L^'. 
Since / 7^ 4); it follows from the assumption that L^' = Lp^. Hence we have L^' = L^L 
Assume that {ni)pQ ^ I. Take a curve 7 : [0, 1] L^^ with 7(0) = po and 7(1) = p. Since 
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{ni)pQ ^ Z, 7 is D^-horizontal. For the holomorphic isometries : {Wi)pQ — {Wi)p and 

hj,[ ■■ {Wi)p, ^ iWi)p as in Lemma 3.4, we have h^^[{Lg') = L^' and h^^^L^^) = if'. On 
the other hand, by imitating the discussion from Line 7 from bottom of Page 164 to Line 

4 of Page 165 in [HL2], we can show h!^[ = h^\. Hence we obtain L^' = L^^. Therefore 
we have TpL^' = TpL^'. On the other hand, we have TpN = TpL^' and 

TpN = Y TpL^'. Therefore we have TpN = TpN. Next we consider the case of p G L^°. 

Let I be a complex afl&ne hne of T^N with / ^ Iq. Assume that £ /. Then we have 

p G L^^ = L^i and hence L^' = L^K Assume that ^ /. Take a curve 7 : [0, 1] ^ 
with 7(0) = po and 7(1) = p. Since ^ /, 7 is D;-horizontal. For the holomorphic 

isometries h^^^ : {Wi)p, ^ {Wi)p and h^^^ : {Wi)p, ^ {Wi)p, we have h^^^iL^,') = L^' and 

h^[{Lp^^) = L^K On the other hand, by imitating the discussion from Line 18 of Page 

165 to Line 6 of Page 166 in [HL2], we have = h^\- Hence we obtain L^i = L^'. 

Therefore we have Y. TpL^' = Y TpL^ and hence TpN = TpN. This completes the 

proof. q.e.d. 

Let be a proper anti-Kaehlerian isoparametric submanifold in a finite dimensional 
anti-Kaehlerian space and {£^1, • • • ,Ei^} be the set of all complex curvature distributions 
of N. We can define the holomorphic isometry of the anti-Kaehlerian space corresponding 
to the above . Denote by the same symbol this holomorphic isometry. In similar to 
Lemma 4.2 in [HL2], wse have the following fact. 

Lemma 3.5.3. If N is a principal orbit through a semi-simple element of an aks- 
representation, then N is proper anti-Kaehlerian isoparametric and Fj{N) = N holds. 

Proof. First we note that any irreducible (semi-simple) anti-Kaehlerian symmetric space 
is regarded as the complexification of an irreducible Riemannian symmetric space of non- 
compact type. Let L/H be an irreducible Riemannian symmetric space of non-compact 
type. Denote by I (resp. t)) the Lie algebra of L (resp. H). Let 6 be the Cartan involution 
of L with (Fix^)o G H G Fix 9 and denote by the same symbol 6 the involution of 
[ associated with 9. Set q := Ker(^ -|- id), which is identified with the tangent space 
T(,h{L/H). The complexification q*^ is identified with the tangent space T^h'^^L^ / H'^) of 
the associated anti-Kachlcrian symmetric space jH^ . Let p be the aks-representation 
associated with /H^ and A be a principal orbit of the representation p through a semi- 
simple element tt;(G q*^), that is. A" = p{H^)-w. Denote by A the shape tensor of A^. Let a 
be a Cartan subspace of q*^ containing w. The space a contains the maximal split abelian 
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subspace a,, := a n q of vector-type and a = holds. For each (R-)linear function a on 
Oy (i.e., a e a*), we set 

:= {X eq"] ad{af{X) = a{afX (Va G 0^)}. 

Set A := {a G a* I / {0}}, which is called the root system with respect to o,;. Then we 
have the root space decomposition 

q'' = o+ Yl "I"' 

aeA+ 

where A_|_ is the positive root system under some lexicographical ordering of A and we 
note that o is equal to the centralizer of in q*^. For each a G A+, the complexification 
a*^ is regarded as a C-linear function on a and we have 

= {X G q'^ I ad{af{X) = a'^iafX (Va G o)}. 

Since iV is a principal orbit and hence w is a regular element, we have a^{w) 7^ for any 
a G A_)_. Under the identification of a with T^N, a'^ is regarded as a C-linear function 
on T^N, which is denoted by a'^. Easily we can show 

A^Lc =-^^id (aG A+) 

for any v G T^N. Let A^c^ be the parallel section of the C-dual bundle (T-^N)* 
of T-^N with (AcfC^u,)^ = is clear that AT is a proper anti-Kaehlerian 

isoparametric submanifold having {Aa<=,«) | a G A+} as the set of all complex princi- 
pal curvatures. Denote by E^^c the complex curvature distribution for Xa'',w Take 
vq G (A^c „,)^1(1) \ ( u (Aqc „,)~^(1)) and set F := p{H^) ■ vq, which is a focal 

submanifold of N whose corresponding focal distribution is equal to E^^ . Wc have the re- 
lations i)"" = 3(,c(a^)+ X) f)a> TvoF = E la and T^^F = a + q^,,, where 3[,c(a„) 

a6A_|_ a6A+ s.t. a^^ao 

is the centralizer of a^, in [}'^ and [)^ := {X G t)^ | ad(a)^X = a{a)'^X (Va G a^)}. Denote by 
(resp. H!^g) the isotropy group of the iJ'^-action at lu (resp. vq) and by l)'^ (resp. i)^^) 
the Lie algebra of i/^ (resp. H^^). Then we have 1)^ =3f)<=(ar') and f)^^ = H'^M + iJao- 
the restriction of the p(i7^p )-action on q*^ to T^F is called the slice representation of the 
action at vq. It is shown that this slice representation coincides with the normal holonomy 

group action of F at vq and p{H^^) ■ w = ° . Set ^{vq) := p{H^^) and ^{w) := p{H^). 

The leaf Lw " is regarded as the quotient manifold (^{vq)/<^{w). The holomorphic isom- 
etry F^ in the statement is given as follows. Take X{= ad[c(X)) G Lie$(?;o) Lie$(w), 
where X G ^^^j, and set g{t) := expi^^^^^{tX) and j(t) := g{t) ■ w, where t G [0, 1]. Then 
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is given by F^{w) = 7(1), F7*^|(£^c)„ = 5(l)*«;|(E„c)^, F^*w\{e^o)^ = h^X\{E„cU 

I E 

{a G A+ s.t. a 7^ ao) and -F7*'U)|T^Ar = "^7 > where /i^ is defined as in Lemm 3.4 and 
is the parallel translation along 7 with respect to the normal connection of A^. Easily 
we can show = g{l)*w Hence, since both and g{l) arc affine transformations 

of q*^, they coincide with each other. Therefore, we obtain F^{N) = g{l){p{H'^) ■ w) = 
p{e^PLo(X)){p{H'^)-w)=N. 

q.e.d. 



By using Lemmas 3.5.1 and 3.5.3, we shall prove Proposition 3.5. 

Proof of Proposition 3.5. Since M is an irreducible proper complex equifocal submanifold, 
is a full irreducible proper anti-Kachlerian isoparametric submanifold. Since F^ is an 
isometry, so is also M^' := F^{M^). Let {E'- \ i € /} U {E'q} be the set of all complex 
curvature distributions on and n'^ be the complex curvature normal corresponding 
to E'-. Prom the definition of F^, it follows that 7(1) e MT) M""' , r^(i)M'= = r^(i)M''', 
complex curvature normals of M'^' coincide with those of at 7(1) and that complex 
curvature spheres of through 7(1) coincides with those of through 7(1). Let Iq 
be the complex affine line through and that is, Iq := Spanj.{(nj,))^(i)}. Let I 

be any complex affine line of T^-j^-jM*^ with I ^ Iq- Now we shall show that = -^7(1)' 

where Di (resp. D'^) is the distribution on Af^ (resp. M^') defined as above for I. First we 
consider the case of {ni^^)^(^l) G /. Then we have 0^1. If there does not exist ii{^ io) G / 

with (n.jj^(]^-) G /, then we have -^^(\-) = -^7(1) ~ ^7(1) ~ ^7(1) ' ^^^^ there exists 

^0) G ^ with (njj^(i) G I. Let i; be a complex focal normal vector field of M*^ 
such that the corresponding focal distribution is equal to Di. Since ^ /, it follows from 
Theorem 3.3 that -^^(\) is a principal orbit of an aks-representation on T^^^^^^^F^. Since 

('^10)7(1)' ("-jOiCi) ^ ^ ^ ^ i^io)-y(i) ('^n)7(i) C-linear independent. Hence 
the aks-representation is the one associated with some anti-Kaehlerian symmetric space 
of complex rank two. If L^^-^-^ is reducible, then the complex Coxeter group associated 

with L^^-^^^C r^(-^(-^-)^F„) is reducible. Hence it follows from Lemma 3.8 of [Koi4] that 
('^10)7(1) (nij)^(i) are orthogonal and that, for any complex curvature normal n of 
-^7(1)' '^7(1) contained in 4) U Spanj.{(ni^)^(i)}. Also, since G I, ?^7(i) is equal to 

('^10)7(1) ('^n)7(i)- Hence the set of all complex curvature normals of -^^(\) is equal 

to {jT-iol^Dj , njJ^D, }. This implies that -^f'A) is congruent to the (extrinsic) product of 

7(1) 7(1) 

E- E- D 

complex spheres -^^^(i) "^7(1) ' Similarly L^J is congruent to the (extrinsic) product of 
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LuQ° and Luq^ . Hence we have 

On the other hand, we have F^{L^^ ) = -^^(\) • Therefore we obtain -^^^(\) = -^^(i) • If -^7(1) 
irreducible, then it follows from Lemma 3.5.3 that Fj{L^^^^) = (F^|(^^)^^^^)(L;^^'j^p = L^^^y 
Hence we obtain L^^-^^ = L^^^y Next we consider the case of ^ I. Then, since 

7 is L';-horizontal, we have F^(L^j') = and hence = -^^(i)- Therefore, from 

Lemma 3.5.1, we obtain F^[M^) = M^. Furthermore, from this relation, we can show 
{Fj)^{Ei) = Ei {i e I) easily. q.e.d. 

By using Proposition 3.5, we prove the following fact. 

Proposition 3.6. For any u G Q{uq), there exists a holomorphic isometry fofV such 
that f{uo) = u, f(M^) = Mc (hence f^Ei) = Ei{i e I)), /(Q(no))^= Q{uo) and that 
f*uo It-l mc coincides with the parallel translation along a curve in M*^ starting from uq 

and terminating to u with respect to the normal connection of M*^. 

Proof. Take a sequence {uq, ui, - ■ ■ , Uk{= u)} of Q{uo) such that, for each i G {0, 1, • • • , fe — 
1}, Ui and Ui-^-i are some complex curvature sphere Sf of M*^. Furthermore, for each 
i G {0, 1, • • • , A; — 1}, we take the geodesic 7^ : [0, 1] — >■ Sf with 7^(0) = Ui and 7j(l) = "Ui+i, 
and define a holomorphic isometry Ky. of V as in (3.1). Set / := Fyi^_-^ o • • • o F^.^ o Fj^^. 
According to the definition of Fy. (i = 0, 1, • • • , /c — 1) and Proposition 3.5, / preserves 
invariantly and the retriction of /^^o to T^^JVF^ coincides with the parallel translation 
with respect to the normal connection of M^. Also, since / preserves complex curvature 
spheres invariantly, it is shown that / preserves Q{uq) invariantly. Thus / is the desired 
holomorphic isometry. 

q.e.d. 



By using Propositions 3.2 and 3.6, we shall prove the homogeneity of M^. 
Proposition 3.7. is extrinsically homogeneous. 



Proof. Take any u G M'^. Since Q{uo) = M'^ by Proposition 3.2, there exists a sequence 
{uk}'^i in Q(«o) with lim = u. According to Proposition 3.6, for each A; G N, there 

fe— >oo 
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exists a holomorphic isometry /fc of V with fk{uo) = Uk, /fe(M'^) = M*^, /fe(Q(«o)) = 
Q{uo) and = Lf^ (i G /). 

(Step I) First we shall show that, for each i G /, there exists a subsequence {fkj}j^i 
of {AlfcLi such that {/fc,LBi}?Li pointwisely converges to some holomorphic isometry 

of Lfj^ onto Lg\ Let (-f'f|j)R be the compact real of the complex sphere L^^ satisfying 
{Tuo{L^^)n,JTuo{L^^)n) = 0. Also, let (Lf^)R and {L^')n be the same kind of com- 
pact reals of L^* and respectively. Clearly we have fk{{L^Q)n) = {L^l)^- Let 
M'^/^i be the leaf space of the foliation 5i consisting of the integral manifolds of Ei and 
■01 : M^/^i be the quotient map. Take a sufficiently small tubular neighborhood 

U of L^^ in V such that L^' C U for each u £ U. Let mj := dim£^j. Take a base 
{ei,---,em.} of Tu(,((L^j^)r) such that the norms ||ei||, • • • , ||em.|| are sufficiently small 
and Ua := exp(ea) (a = 1, • • • ,mi), where exp is the exponential map of (L^j)R. Since 
lim fk{uo) = u and (L^*)r's {u G are compact, there exists a subsequence {/fc j??,! 

fe— »oo •' 

of {/felfeLi such that {fkAua)}%i {a = l,---,mi) converge. Set Ua := lim fkAua) 

(a = 1, • • ■ ,mi). Since ^lim^/fe^.('Uo) = and fkj{{Lu^)il) = {Lul.)n, we have Ua G (i^f')R 

(a = l,---,mi). Denote by do,dj {j G N) and d the (Riemannian) distance functions 
of {L^^)n, (-^ffc^R and {L^')ii, respectively. Since each /fcjl^i,^,)^ is an isometry onto 

(^SP^' ^^^^ dj{fkj{uo),fkj{Ua)) = do{uo,Ua) and dj{fkj{Ua), fkj{Ub)) = do{Ua,Ub), 

{a,b = l,---,mi). Hence we have d{u,Ua) = do{uo,Ua) and d{ua,Ub) = do{ua,Ub) 
{a,b = l,---,mj). Therefore there exists a unique holomorphic isometry / of (iv^i)R 
onto (L^')r satisfying f{uo) = u and f{ua) = Ua {a = 1, • • • ,mi). It is clear that / is 
uniquely extended to a holomorphic isometry of L^^ onto L^* . Denote by / this holomor- 
phic extension. It is easy to show that {/fe, lrBi}??=i pointwisely converges to /. 

(Step II) Next we shall show that, for each fixed w G Q{uo), there exists a subsequence 
{A of {/felfcLi such that lim fk iw) exists. There exists a sequence {ui, • • • ,Um{= 

■' ■' j—*oo ■' 

w)} in Q{uq) such that, for each j G {1, • • • , m}, Uj is contained in some complex curvature 

sphere Lufl[ ■ For simplicity, assume that m = 3. From the fact in Step I, there exists a 
subsequence {/^i}^^ of {/fej^i (in Step I) such that {f^.i \ b^^i, pointwisely converges 

to some holomorphic isometry of Lu^^^'' onto L^^'^^^ . Again, from the fact in Step I, there 
exists a subsequence {fk^}'jLi of {/fcilj^i such that {/^,2| Bj(2)}j?=i pointwisely converges 

3 3 3 

to some holomorphic isometry of Lul^'^^ onto L^l^^^^y Again, frome the fact in step 
I, there exists a subsequence {/j^sj^i of {fk'^}'jLi such that {//^sl s-^g^}^! pointwisely 

3 3 3 

E- E • 

converges to some holomorphic isometry of Lu2^'' onto L y In particular, we have 
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lim fk3{w)=f{w). 

(StepIII) Let W be the afHne span of M'^. Next we shall show that there exists 

a subsequence {fkj}'^i of {fk}kLi such that {fkj\w}'^i pointwisely converges to some 
holomorphic isomctry of W. Take a countable subset B := {wj \j G N} of Q{uq) with 
B = Q{uq){= M'^). According to the fact in Step II, there exists a subsequence {/^i}^]^ 
of {fk}'uL^ such that lim fi^i{wi) exists. Again, according to the fact in Step II, there 
exists a subsequence {fj^2}^i of {fk^}^i such that lim fj.2{w2) exists. In the sequel, 
we take subsequences {fui}J^i {I = 3, 4, 5,---) inductively. It is clear that lim fuj{wi) 
exists for each / G N, that is, {/^j|_B}jLi pointwisely converges to some map f oi B into 
M*^. Since each is a holomorphic isometry, / is extended to a holomorphic isometry of 
M*^. Denote by / this extension. It is clear that {ff^jl-^J^i pointwisely converges to /. 
Furthermore, since each is an affine transformation and hence the restriction fj^j\w of 
fj^j to is a holomorphic isometry of VF, / is extended to a holomorphic isometry of W. 

Denote by / this holomorphic extension. It is clear that {ff^j\w}'^i pointwisely converges 

to/. 

(Step IV) Let /, / and / be as in Step III. It is clear that / is extended to a holomorphic 
isometry of V. Denote by / this extension. We have 

/(M^) = 7(M^) = M'^. 

Also we have 

f{uo) = f{uo) = lim f,j{uo) = lim u,j = u. 

Let H be the closed subgroup of //i(V^) genereted by all holomorphic isometrics of V 
preserving invariantly, where IhiY) is the holomorphic isomctry group of V . Then it 
follows from the above fact (together with the arbitrariness of u) that H ■ uq = M'^. 

q.e.d. 

4 Proofs of Theorem A and Corollary B 

In this section, we shall prove Theorem A and Corollary B. Let M be an irreducible proper 
complex equifocal submanifold in a symmetric space G/K of non-compact type. Assume 
that the codimension of M is greater than one. Let be the (complete extrinsic) com- 
plexification of M, := 7r<'-i(M'=) and := (tt" o (j)'')-^{M''), where it" is the natural 
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projection of G'^ onto G'^/K'^ and (f)^ is the parallel transport map for G^. Without loss of 
generality, we may assume that is connected and that G^ is simply connected. Hence 
both and are connected. For simplicity, set V := H^{[0,1\,q'^). According to 
Proposition 3.7, M*^ is extrinsically homogeneous, that is, there exsists a closed connected 
subgroup H of the anti-Kaehlerian transformation group (i.e., the holomorphic isometry 
group) Ih{^) of V having as an orbit. Let p : H^{[0, 1],^^) Ih{V) be the repre- 
sentation of H^{[0,1],G'') defined by p{g) ■= g * ■ {g e H^{[0,1],G'')). In the proof of 
Theorem A, it is key to show the following fact. 

Proposition 4.1. The above group H is a subgroup of p{H^{[0, 1], G*^)). 

To prove this proposition, we prepare some lemmas. Let /C^ be the Lie algebra of all 
holomorphic Killing fields on V (i.e., the Lie algebra of Ih{V)) and /C~^ be the Lie algebra 

of all holomorphic Killing fields on V which are tangent to M'^ along M'^. For K G K.^, 
we define a map Fk : rie(G^) S'^ by Fxig) '■= 0^g(((5 * ■)*-^)o)- ^^^^ we 
have the following fact. 

Lemma 4.1.1. (i) For g G Oe(G"=), Fxig) = Adig)iKg_,^^dt. 
(ii) IfKe /C^^, then the image of Fk is contained in T^M^^. 

Proof. Let {il!s}se'R. be the one-parameter transformation group associated with K. For 
each 5^ € Oe(G'^), we have 

{{g * •)*^)6 = ^l^=of * * 6)) 

= l|,=o(Ad(ff)(V.(5-^ * 0)) - g'g:^) = Adig){K^_,^^). 

On the other hand, we have (t)l(^{u) = u{t)dt {u G T^V{= V)) (see Lemma 6 of [Koi2]). 
Hence we obtain the relation in (i). Since g G ^eiG'^)^ it maps each fibre of (/>^ to oneself. 
Hence, \i K e JC~^, then {g * ■)^K G /C~^. In particular, we have {{g * ■)*K)q G TqM*=. 

Therefore we obtain Fxig) G (t)^(^{T(fi'') = TeM". q.e.d. 

For V G H'^{[0, 1], 9''), we define a vector field on V by {K'')u := [v, u] -v' (uG V). 
Let {exp sv\s & R} be the one-parameter subgroup of i?^([0,l],G'=) associated with 
V. Then the holomorphic Killing field associated with the one-paxameter transformation 
group {p(exp sv) \ s G R} of V is equal to K^. Thus we have K'" G /C'*. For K'", we have 
the following fact. 

Lemma 4.1.2. The map Fk^ is a constant map. 
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Proof. Since /?(exp sv) maps the fibres of cp'^ to them, for ui,U2 G V with <p'^{ui) = 4>'^{u2), 
we have (?:)^(p(cxp sv){iii)) = 4f{p{ex.Y> sv){u2)) and hence ((i^")ui) = '/'*«2((-^'')«2)- 
Take 51,(72 G f^e(G'^). Since Qi * ■ maps each fibre of (p'^ to oneself, wc have Fx^igi) = 
4>l^{{p{g^UK-))^) = 4>:^^-^^^^{{K^)g-i,(^). Also, we have cj^^ig^' * 0) = <P^{g^' * 0)(= e). 
Hence we have = (Pl^g-i^Q^i{K'')g-i^^). Therefore we obtain Ff^. (51 ) = 

FK-"{g2)- Thus Fkv is a constant map. q.e.d. 

Also we have the following fact for Fx- 

Lemma 4.1.3. (i) The map K 1— *• Fk is linear. 

(ii) FK{gig2) = ^p(g,).K(ffi) (51,52 e ^e{G'')). 

(iii) idFK)g O {dRg)e = idFp^g),K)e (g G ^,{0^)). 

(iv) If Ku = Au + 6 (u ^V) for some linear transformation AofV and some b G V, 
then {dFK)e{u) = J^{A + ad(h))u' dt, where h{t) := job{t)dt. 

(y) If K = K + K'" , then F-j^ — Fk is a constant map. 

Proof. The statements (i) ~ (iii) are trivial. The statement (iv) is shown by imitating the 
proof of Proposition 2.3 of [Ch]. For u G Ti{ne{G'')){C //^[0, 1], g^)), it follows from (iv) 
that ^ 

d(% - FK)e{u) = {dFKv)e{u) = / {ad{v) + ad{-v))u'dt = 0. 

Jo 

This implies that F-j^—Fk is a constant map. Thus the statement (v) follows. q.e.d. 

By imitating the proof of Theorem 2.2 of [Ch], we can show the following fact in terms 
of Lemmas 4.1.1~4.1.3. 

Lemma 4.1.4. Let K he a holomorphic Killing field on V given hy ■= [v,u\ — b 
(ueV) for some v,beV. If K € IC~^, then we have v G -H"^([0, 1], g*^) and b = v' . 

Proof. First we consider the case where is simple. Set K := K — and w := v — b, 
where b{t) = b{t)dt. From K = ad(w), we have 

{p{g)*K)u = {M{g)K)u = Ad{g){[w, g~^ * u]) = [Ad{g)w, u-g*6] (ueV). 
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Prom this relation and (i) of Lemma 4.1.1, we have 

(dFp(g),K)&i^^) = ^U=o^p(g).ir(exp su) 



(4.1) 



d — 

= [ ad{u){Ad{g)K)^dt 
= [[u, (Ad(^) o - / K, (Ad(^) o 
[(Ad(5)K) o u, u']dt 
[[Ad(^, u] - [Ad{g)w, g * 6], u']c?i 



/ 

Jo 



for u & V. For simphcity, set := [Ad((7)ii;, — [Ad{g)w, g * 0]. According to (ii) of 
Lemma 4.1.1, we have IrnFj^ C T^M^ and hence dim(Spanlmi^i^) < dimTgM^ < dimg*^. 
Since F-^ — Fx is a constant map by (v) of Lemma 4.1.3, we have dim(SpanImF;^) = 
dim(SpanlmFft-) and hence dim(SpanlmFj^) < dimg*^, that is, 5^ Q SpanlmF^j^ 7^ {0}. 
Take 0) G g'^ e SpanlmF;^^. Take any g G Q^eiG"") and any u G rg(J^e(G'=)). By using 
(iii) of Lemma 4.1.3 and (4.1), we have 

{{dFT^)g[{dR,),{u)),X)^ = ((dF^(^)^^)g(n),X)^ 

= [\[v,u'],X)^dt = - [\u',[v,X])^dt = -{u',[v,X])^ = 0, 
Jo Jo 

where ( )^ and ( )q are as in Section 2. Prom the arbitrariness of u, it follows that 
[r],X] is horizontal with respect to (j)*^. Since G*^ has no center, there exists F G g*^ with 
[X, y] ^ 0. Set Z := [X, y]. Since [r],X] is horizontal, it is a constant path. Hence it 
follows from {r],Z)^ = {[r],X],Y)'^ that {r],Z)^ is constant. By differentiating {r],Z)^ 
with respect to t, we have 

(4.2) {[Adig)w,u],Z)^ = {[Ad{g)w,g*6],Z)'' (uGV). 

Since g'^ has no center, there exists W G with [Z, W] 7^ 0. Since is simple, 
Ad(G'=)[Z, W] is fuU in g^ Hence there exist /ii, • • • , /i2m G such that {Ad(/ii)[Z, Vy], 
• • • ,Ad{h2m)[Z, W]} is a base of g*^ (regarded as a real Lie algebra), where m := dimcG*^. 
For a sufficiently small e > 0, we take gi G i?-^([0, 1], C^) with 5'j|(£,i_£) = hi {i = 
1, • • • , 2m). Prom (4.2), we have 

{w,Ad{hi)[Z,W\)%,i-e) = {w,Ad{gi)[Z,W])%,i^,) 

= -{[Ad{gr^)w,W],Z)%^,_,^ = -{[Adigr^)w, gr^ * 6], Z)\^,_,) 

= {[Adihi'){w\^,,,_,)), {g-')'{g;Vke,i-e)], = 0. 



26 



In particular, we have {w, Ad{hi)[Z, W])^\(^^^i_^) = {i = 1, - ■ ■ , 2m). Prom the arbitrari- 
ness of e, it follows that {w, Ad{hi)[Z, W])^ = (z = 1, • • • , 2m). Hence we obtain w = 0, 
that is,v = be H^{[0, l],g'') (hence b = v'). 

Next we consider the case where is not simple. Let C = x ■ ■ ■ x he the 
irreducible decomposition of G*^ and be the Lie algebra of G^ {i = 1, - ■ ■ ,k). Let g'f^ be 
the maximal ideal of such that the orthogonal projection of w = v — b onto the ideal 
is a constant path, where we note that any ideal of is equal to the direct sum of some 
g^'s and hence it is a non-degenerate subspace with respect to ( , Let g^ be the ideal 

corresponding to g^ defined for K. Since Ku = [v — b,u], we have g^ = g^. Now we shall 
show 

(4.3) (g^)^ C ^eM^ 

where (g^)"*" is the orthogonal complement of g^^- in g*^ with respect to ( , )'^. Let Vi := 
i?°([0, l],g^) (i = 1, • • • , fe). It is clear that V = Vi® ■■■ ®Vk (orthogonal direct sum). 

The Killing field K is decomposed into K = Ki^ h Kk, where Ki is a Killing field on 

Vi {i = 1, - ■ ■ ,k). For g G Qe{Gf), we have 

FkS9) = I' Ad(5)((K,)^-i,6)rf^ = I' ^d{g)(K^.,^^)dt = F-j^{g) 

by (i) of Lemma 4.1.1 andAd{g)Kj = (j / i). Thus we have Im F;^. = F■J^{ne{G^^)) C qI- 
From this relation and (i) of Lemma 4.1.3, we have 

k 

Span Im F;^ = Span Im(F;^ H h -PV ) = ® SpanlmF^.. 

1 k J 

k ^ k ^ ^ ^ 

Let = Vi and & = where Vi, bi eVi {i = I,- ■ ■ , k). Since F-j^,{g) = M{g)[vi - 

i=i i=i 

bi,g'^ *0]dt {g G Oe(G^)), ImF^. = when Vi — bi = and ImF^. = g? when Vi — bi^ 0. 
Therefore we have SpanlmF;^ = ® _ SF- other hand, since gf is 

je{l,---,fc} s.t. Vi-bi^O 

irreducible, {Qi)j^. = Qf when Uj — 6j = and (g^)-jf. = {0} when vi — bi ^ 0. Hence we have 
g^ = ® _ gf. Therefore we obtain Span ImF;j^ = (g^)^. Since is a 

s.t. Vi — bi=i) 

constant map by (v) of Lemma 4.1.3 and G ImF^, we have SpanlmF^ C SpanlmF^-. 
Hence ~ (s^)^ T^M^ follows from (ii) of Lemma 4.1.1. Thus (4.3) is shown. 

Next we shall show that (-Rg)*((g^)-^) C TgU"" for any g G M*^. Fix g G M"". Define 
g G -^^[0, 1], G*") with ^(0) = e and ^(1) = g hy g{t) := exp^c tX for some X G g'^. Since 
0c o p(^) = o we have (0^)-^(i?-^ (](?•=)) = p{g){M''). Since p(5)*if is tangent to 
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p(^)(M*^), in similar to (4.3), we have 

(4.4) (Sp(a).i^)^ C TeR-\Mn = {Rg):\TgM^). 
We have 

(4.5) {p{9).K)u = {Ad{g)K)^ = [Ad{g)v, u] - [Ad{g)v, g*6]- Ad{g)b. 

Denote by pfgc, the orthogonal projection of g'^ onto g^. By noticing that Ad(^) preserves 
each (hence g^) invariantly and that g * = —X = — Ad(^)X, we have 

^prgc^ (^Ad{g)v - [Ad{g)v,g*Q] - Mg)hj 

= ^prgc^ {Ad{g){v -h) + Ad{g)h- [Ad{g)v,g*Q\ - Adgj'b) 

= Ad (5) [X, prgc^ (v - b)] + Ad{g) [X, pr^c^ (6)] 

+Ad(?)prgc^(6) + pr0cJAd(ff)t;^X] - Ad(5)prgc^(6) 

= (prg^ o Ad(5)) ([X, v-b] + [X, b\ + [v, X]) = 0. 

Thus pr^c^ (Ad(^)t; — [Ad{g)v,^* 0] — Ad{jg)) is a constant path. This fact together with 
(4.5) implies fl^j^ C 0p(g^)^/^- By exchanging the roles of K and (^* •)*K, we have fl^(j)^;^ C 
0|f. Thus we obtain = g^(j)^^. Therefore {Rg)*{Q'k)^ C TgM'' follows from (4.4). 
Since (-Rg)*((gjc)"^) C TgW^ for any g e M'^ and g|- is an ideal of g'^, we have M'^ = 

xG-^ ClG%x G^^(= G-)^where G% := expGc(B^) and Gf := expGc((g^)^). 
Since M'^ is irreducible and dimikf^ < dimG'^, wc have (g^)"*" = {0}, that is, g^ = g'^. 
This implies that — 6 is a constant path. Therefore we obtain b = v' . q.e.d. 

Let OAKiy) be the Lie^ algebra of all continuous skew-symmetric complex linear trans- 
formations of (y, ( , )q,J). Let g = f + p be the Cartan decomposition, g^ := f -|- 
V^p, g+ := v^f + P and H^"" := H^{[0,1].q'^). Give Oak{V) the operator norm 
topology with respect to ( , )'^^j)c- Any holomorphic Killing field K on V is described 

0,-n_j_' 

as Ku = Au + b for some A G OAK{y) and some 6 G F. Thus IC^ is identified with 
Oak{V) X V. Give /C'^ = Oak{V) X V the product topology of the above topology on 
Oak{V) and the original topology of V. 

Lemma 4.1.5. The set /C~ is closed in KJ^. 



Proof. Denote by /C^ the closure of /C^ in /C'*. Take K e KJi~ . Then there exists a 
sequence {Knj^^i in /C~ with lim K„ = K. Let (ifn)w = ^nit + bn and if^ = Au + b, 
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where u E V. Prom lim = K, we have lim An = A and hence hm AnU = Au 

n^oo n^oo n—^oo 

{u E V). Also, hm bn = b holds. Hence we have lim (i^n)^ = Ku {u e V). For each 

n— »oo n— »oo 

u G M*^, denote by pr^ the orthogonal projection of V onto T^M^. Since dim T^M*^ < oo, 
pr„ is a compact operator. Hence, since pr^((i4r„)u) = for all n, we obtain pr^(i^„) = 0. 
From the arbitrariness ofu,Ke JC~ follows. Therefore we obtain /C~ = JC~ . q.e.d. 

Take v & V and set := jQv{t)dt. Define G i^^([0, 1],G*^) (n G N) by gn{t) := 
expGc(nv(t)) and G /C'^ (n G N) by := ^p{gn)*K. Let if„ = An + 6 and = 
A^u + b^. Then we have 

{K)u = -M{gn){K^-,J = -Ad{g^){A{g-^ *u)+b) 
= -Ad{gn) o A o Ad{g-^)u + -Ad{gn){A{g-^ * 6) + 6) 

and hence 

(4.6) Al = ^Adign) o A o Adig-') and b^ = ^Ad(5n)(^te' * 6) + b). 

For {iC^}^^, we have the following fact. 

Lemma 4.1.6. If K e /C~_, and v G H^'^ with = 0, then there exists a 

subsequence of {if^}^^ converging to the zero vector field. 

Proof. Take u eV. Let u = u- + u-^. (u_ G «+ G g+). Then we have 

(Ad(5„)n±)(t) = Ad(expcc(nS'(i)))n±(i) = exj){ad{nv{t)))u±(t) G 
because ^(t) G by the assumption. Hence we have 



(Ad(5n)n, Ad(5„)n);J^o,c = -{Ad{gn)u-Ad{gn)u-)i + (Ad(5„)n+, Ad(c/n)n+)f;^ 



(4.7) 



Therefore we have ||AJ^||op = ^ I lollop — (n — oo) and 

\K\\o,Hr ^ \ * o)iio,i/»- + ll&llo,i/«-) 

where || • ||op is the operator norm of o(y) with respect to ( , )^^o,c and || • ||q^o,c is 
the norm of V associated with ( , )^„o,c- Since {K^ \ n G N} is bounded, there exists a 
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convergent subsequence {K^.}'^-^ of Set Kq := lim K^.. Prom lim A!^ = 0, 

^ j — ^oo n — >oo 

Kq is a parallel Killing field on V. Prom Jq v{t)dt = 0, we have gn € ^dG^) and 
hence p{gn){M'') = M". This fact together with K G /C^_^ deduces if^ G /C^^. Hence 

have G /C~ . According to Lemma 4.1.5, we have /C~ = /C~ . Therefore we have 

-R'o G A^T? ■ Thus, since Kq is parallel and Kq G /C~ , it follows from Lemma 4.1.4 that 
i^o = 0. This completes the proof. q.e.d. 

On the other hand, we have the following fact. 

Lemma 4.1.7. Let K G K,^^ and f G ii'°([0, 1], C)(= //°([0, 1], R^)) with /(O) = /(I) 
and X e Q*^. Then we have A{fX) = [X, v] for some v eV, where A is the hnear part of 
K. 

Proof. Since (g^)^ = Q^-, we suffice to show in the case where X ^ q'L- First we condsider 
the case of / G i?^([0, 1], C). Denote by /' the weakly derivative of /. Let A{fX){t) = 
ui{t) + U2{t) {ui{t) G Kerad(X) and U2{t) G Imad(X)), and Ui{t) = u~ {t) + uf{t) 
{u-{t) G s^, u+it) G s^) (i = 1,2) and b{t) = h-{t) + b+{t) {b" {t) G 0^, b+{t) G 0^). Let 
9n{t) := exp(3c(n/X). Prom (4.6) and Ad(c/n)|Kerad(x) = id, we have 

bf;'' = -Adign)iAig-U6) + b) = Adign)iAifX) + -) 
(4.8) b 

= ui + Ad{gn){u2 + -). 

Since Ad(5'„) preserves invariantly and Ad(y„)|Kerad(x) = id, we have 

{bf^^,uM 0,0 = {ui,uM 0,. + (Ad(5„)(u2 + -),M{gn)uM o,c 
= (ui,«i)^^o,c + -(6,?xi)^^o,c ^ («i,«i)^^o,c (n ^ oo). 

According to Lemma 4.1.6, there exists a subsequence {Kn^ of {Kn }^=i converging 

to the zero vector field because oi K e IC^^, fX G H^'' and J^{fX){t)dt = (/(I) - 

f(0))X = 0. Since lim 6n, = 0, we have {ui,ui)^ = 0, that is, ui = 0. Thus we 

see that A{fX)(t) G Imad(X) holds for all t G [0, 1]. That is, we have A{fX) = [X,v] 
for some v ^ V. Next we consider the case where / is a general element of V. Since 
H^{[0,l],g'^) = V, there exists a sequence {/n}^i in -f^^([0, 1], 0^) with lim = /. 

n— >oo 

Then, since A is continuous, we have A(fX)(t) = lim A(fnX)(t) G Imad(X) for all 

n— >oo 

t G [0, 1]. That is, we have A{fX) = [X,v] for some v eV. This completes the proof. 

q.e.d. 
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According to Lemma 2.10 of [Ch], we have the following fact. 

Lemma 4.1.8. If B : ^ is a linear map of the form BX = [ii{X),X] {X G g^) for 
some map : gl ^ , then jj, is a constant map. 

By using lemmas 4.1.7 and 4.1.8, we can show the following fact. 

Lemma 4.1.9. Let A,f,X and v be as in Lemma 4.1.7. Then v is independent of the 
choice of X. 

Proof. Denote by Vf^x the above v. Define a linear map : g^i ^ q'^ by Bl{X) := 
^(/X)(t)gc (X G g^') and a linear map B^ : gl ^ g^ by := V^(^(/X)(t)gc ) 

{X G g^), where (•)gc is the gj_-component of (•). Since Bl{X) = [X,Vf^x{t)gi] and 
B^{X) = [X,^/^{vf^x{i)g%)], it follows from Lemma 4.1.8 that, for each t G [0,1], 
ujx(^)g= and Vf^xit)g'^ are independent of the choice of X G g^. Hence Vf^x is inde- 
pendent of the choice of X G g'i. Since has no center, 'y^yrrix — '^f,x for any X G g^. 
Therefore Vf^x is independent of the choice of X G g*^. q.e.d. 

According to this lemma, for a fixed K G ^j^^-, the above v depends on only /. So we 
denote this hy Vf. 

Lemma 4.1.10. For any f G i7°([0, 1], C) witii /(O) = /(I), we have Vf = fvi. 

Proof. Let ( , )^ be the complexification of the Ad(G)-invariant non-degenerate symmetric 
bilinear form ( , ) of g inducing the metric of G/K. Fix a G A and n G N U {0}. 
Define F„ G f) by {Hc,,Y = «(•) and := ^^^J- Define g G i/i([0, 1], G<=) by 
g{t) := expGc(tCaiJa2 (0 < t < 1)- It is clear that g G ^eiG"). Let K := p{g)-^K. 
Since p{g){M'^) = M'^, we have K G /C~^. Let = Au + b. Prom Lemmas 4.1.7 

and 4.1.9, there exists Vf e V such that A{fX) = [X,Vf] for each / G i?°([0,l],C) 
with /(O) = /(I) and each X G g'^, and Vf depends on only /. It is easy to show that 
A = Ad{g)~^ o Ao Ad(5f). Let f) be a Cartan subalgebra of g^ and g*^ = f) + Yj 0a the 

aeA 

root space decomposition with respect to i). Let X e i) and Xq, G g^. Then we have 
[Ad{g)vi,X] = [Adig)vi,Ad{g)X] = -Ad{g)(AX) = -A(Ad(5)X) = -AX = [vi,X]. 
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It follows from the arbitrariness of X that lm{Ad{g)vi — vi) C t). Also we have 

[Ad(5)Ui,X«] = exp(2n7ry^t)-i[Ad((7)TJi, Ad(5)X„] 
= -exp{2mrV^t)-^Ad{g){AXa) = - exp(2n7r\/^t)-^A(Ad(5)X„) 
= - exp(2n7r\/^t)^M(exp(2n7r V^t)Xa) 

= exp(2n7r V^t)"n^^exp(2n7rV^t) ' ^oc] 

and hence 

[Ad(5)l;i - exp{2m^^/^t)-\^^(^2n7^V^t)^^a] = 0, 

that is, 

Im (^Ad{g)vi - exp(2n7rV^t)"^'yexp(2n7ry^t)) ^ 3s'=(0a)- 
Therefore we have 

Im (expi2mrV^t)vi - Wg^p(2n7rV=Tt)) ^ ^ +3r(Sa)- 
Prom the arbitrariness of a, we obtain 

Im (exp(2n7rv^t)vi - ^^exp(2n7r^t) ) C f) + n_ 30= (Sa) = f)- 
Take another Cartan subalgebra [)' of with [)' n ^ = {0}. Similarly we can show 

Im (exp{2mrV^t)vi - Uexp(2n7r^t)) C f)' 

and hence 

^exp(2n7r^t) = exp(2n7rV^i)^i- 

oo 

Take any / G -ff°([0, 1], C). Let / = J2 c„ exp(2n7r-/^t) be the Fourier's expansion of 

n=— oo 

oo 

/. Then, since A is continuous and linear, we have A{fX) = CnA{exp{2^m^^/^t)X) . 

n=—oo 

oo 

Also, we have ad(X)(/fi) = ^ Cnad{X)(exp{2m^^/^t)vl) . Hence we obtain 

n=— oo 

oo 

[X,Vf]=A{fX)= CnA{exp{2n7rV^t)X) 

n=— oo 

oo 

= Yl cn[A:,^;e^p(2„^yrTt)] = [a:,m]. 

n=— oo 

Since g*^ has no center, it follows from the arbitrariness of X that Vf = fvi. q.e.d. 
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Lemma 4.1.11. Let K be a holomorphic Killing field on V given by = Au + b (u eV) 
for some A G Oak{V) 3,nd b eV. If K e ^^^^ tlien we Lave A = ad{v) for some v eV. 

Proof. According to Lemmas 4.1.7 and 4.1.10, there exists v ^ V such that A{fX) = 
[v, fX] for any / G H^{[0, 1], C) with /(O) = /(I) and any X G g". Take any ueV. Let 

oo 

u = J2 e„exp(2n7r\/^f) be the Fourier's expansion of u. Then, since A is continuous 

n=— oo 

and hnear, we have 

oo 

Au= A{en exjp{2n'KV^t)) 

n=— oo 

oo 

= e„ exp(2ra7r\/— li)] = [v,u]. 

n=— oo 

Thus we obtain A = ad{v). q.e.d. 

By using Lemmas 4.1.4 and 4.1.11, we shah prove Proposition 4.1. 

Proof of Proposition 4-1- Let be as in the statement of Proposition 4.1. We shall com- 
pare the Lie algebra (which is denoted by LieH) of with the Lie algebra p^{H^{[0, 1],q^)) 
of p(if^([0, 1],G^)). Take any K G Lieiif(c /C'^). Let {hg} be a one-parameter transfor- 
mation group of H generating K. Since hg preserves invariantly, K is tangent to M*^ 
along M*^, that is, K G /C~ . Hence, it follows from Lemmas 4.1.4 and 4.1.11 that K = K'" 
for some veV. Thus we have K G p^iH'^ilO, l],g*=)). Therefore Lieii" C p*{H^{[0, l],^'')) 
follows. That is, H c ^(^^^[0, 1], G'^)) follows. q.e.d. 

By using Proposition 4.1, we shall prove Theorem A. 

Proof of Theorem A. Without loss of generality, we may assume G M'^. Let M be as in 
the statement of Theorem A. According to Propositions 3.7 and 4.1, we have = p{H)-0 
for some (connected) subgroup H of H^{[0, 1],G'^). Let i? be a closed connected subgroup 
of the anti-Kaehlerian transformation group Ih{G^) generated by {i^/i(o) o R^^x) I ^ ^ ^J"" 
Since (f)''op{h) = (L;j(o)oi?-\po(^<^ for each he H,we have M'' = He. Set M := 7r-^(M), 
where vr is the natural projection of G onto G/K and e is the identity element of G^. 
Since M is a component of n {{G x G) ■ ((e,e)AG^)) containing e and {H D {G x 
G)) ■ ((e,e)AG'=) is a complete open submanifold of M'^ n {{G x G) ■ ((e, e) AG'^)), M is 
a component of (H n {G x G)) ■ ((e, e) AG'^), where we note that 0*= = {G" x G'=)/AG'= 
(jience e = (e,e)AG'=) and that (G x G) • ((e,e)AG'=) = G(c G'^). Therefore we have 
M = (^n (G X G))o • ((e,e)AG*=), where (H n {G x G))o is the identity component of 
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H n {G X G). Set Hji := (H n {G x G))o. Since M consists of fibres of tt, we have 

{Hn U (e X K)) ■ ((e,e)AG^) = M, where (i?R, U (e x K)) is the group generated by 
Hn U (e X K). Denote by the same symbol the group {Hn U (e x K)) newly. Set 
(Hnh := {9i e G\igug2)_e Hr} {i = 1,2), (^r); := {g e G\{g,e) e FR]_and 
{^11)2 '■= {9 ^ G \ {e,g) G i?R}. It is clear that (i?R)^ is a normal subgroup of (i?R)i. 
From e X K C Hji, we have K C (fl'R)2- Since K C (^r)2 C (^r)2 C G and 
is a maximal connected subgroup of G, we have (i^R)2 = K or G and (i^R)2 = or 
G. Suppose that (-ffR)2 = G. Then we have M = G and hence M = G/K. Thus a 
contradiction arises. Hence we have (i?R)2 = -f^- Since K is not a normal subgroup 
of G and it is a normal subgroup of (i?R)2, we have (i?R)2 7^ G. Therefore we have 
(Fr)2 = K and hence Fr C G x i^. Set Fr := {5 G G\{{g}_x K) nHn + 0}. 
Then, since M = r • ((e, e)AG'=) and M = 7r(M), we have M = Hji{eK). Thus M is 
extrinsically homogeneous. q.e.d. 

Next we prove Corollary B in terms of Theorem A. 

Proof of Corollary B. Let M be as in the statement of Corollary B. According to Theorem 
A, M is extrinsically homogeneous. Hence it follows from Theorem A of [Koi5] that it 
occurs as a principal orbit of a complex hyperpolar action. Furthermore, if it admits a 
totally geodesic focal submanifold, then it follows from Corollary D (anf Remark 1.1) of 
[Koi5] that it occurs as a principal orbit of a Hermann type action. q.e.d. 
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